Abstract. Let q be a power of a prime and let F q be the finite field consisting of q elements. We establish new explicit estimates on Gauss sums of the form S n (a) = x∈Fq ψ a (x n ), where ψ a is a nontrivial additive character. In particular, we show that one has a nontrivial upper bound on |S n (a)| for certain values of n of order up to q 1/2+1/68 . Our results improve on the previous best known bound, due to Zhelezov.
Introduction
For a prime p, let F q denote the finite field with q = p m elements and let F * q = F q \{0}. We define the trace function
Let e p (x) = exp(2πix/p) and ψ(x) = e p (T r(x)). Then, for a ∈ F q , the functions ψ a (x) = ψ(ax) represent the additive characters of F q , with ψ 0 being the trivial character. We define a Gauss sum as S n (a) = x∈Fq ψ a (x n ).
It is easy to verify that if d = gcd(n, q − 1), then S n (a) = S d (a). Hence, throughout the paper we shall assume that n|(q − 1). Let H be a multiplicative subgroup of F * q . We consider sums of the form (1) S(a, H) = h∈H ψ a (h).
Since F * q is a cyclic group, any subgroup of F * q coincides with the group (2) {x n : x ∈ F * q } for some n. Indeed, fixing H to denote the group of nth powers (2) , it follows that (3) S n (a) = 1 + nS(a, H).
By a classical result of Weil we have the bound This bound becomes trivial for n ≥ q 1/2 + 1. In this range the first nontrivial estimate was obtained by Shparlinski [14] for values of n of order up to q 1/2 p 1/6 . Bourgain and Chang [1] showed that for any ǫ > 0, there exists some δ = δ(ǫ) > 0 such that if n satisfies (5) gcd n, q − 1 p ν − 1 < q Later, Bourgain and Glibichuk [3] obtained an explicit estimate of the form |S(a, H)| = o(|H|), which holds for subgroups H, under the restriction that |H ∩ G| < |H| 1−η for some η > 0 and all proper subfields G. Such a restriction is clearly needed as to ensure that H does not largely correlate with a subfield of F q .
Note that proper subfields G of F q have cardinality |G| = p ν , where 1 ≤ ν < m with ν|m. Also recall the group of nth powers H is of order (q − 1)/n. Furthermore, since H and G * are cyclic groups, so is their intersection H ∩ G * , so that
Hence, it is clear that a condition such as (5) is also necessary. For any sets A, B ⊂ F q , we define the additive energy between A and B as the quantity
and write simply E + (A) instead of E + (A, A). We have the trivial upper bound E + (A) ≤ |A| 3 , which becomes an equality if A = G for any subfield G of F q . Given a multiplicative subgroup H, it is well known (see [5, Lemma 3.1] ) that a nontrivial estimate on E + (H) leads to a nontrivial estimate for |S(a, H)|. Zhelezov [16] showed that if |H| ≪ q 1/2 and
for all proper subfields G, with δ 1 = 119/605, then
where δ 2 = 1/56 − o(1). This was then used to obtain the Gauss sum estimate
assuming n satisfies the condition
for all ν with 1 ≤ ν < m, ν|m. In this paper, following the same approach as [16, Lemma 3] , we improve the bound (9) and remove the restriction |H| ≪ q 1/2 . As outlined in [16, Remark 1] , there is an interplay between the restriction (8) and the bound (9) . We relax this dependence considerably and make it explicit in the presentation of our result. Furthermore, our estimates also hold for groups H which satisfy |H ∩ G| ≪ |G| 1/2 , for all proper subfields G. These results in turn lead to improvements and generalisations of the bound (10) .
We also consider a similar approach as Bourgain and Garaev, in [2, Theorem 1.2], to give an explicit bound on trilinear exponential sums (12) x∈X y∈Y z∈Z ψ(xyz), for sets X, Y, Z ⊂ F q . This bound is then used to estimate S(a, H).
In the context of prime fields, progress towards obtaining explicit estimates of Gauss sums for large values of n can be traced back to Shparlinski [13] . This was improved by HeathBrown and Konyagin [4] based on Stepanov's method. Much of the subsequent progress on this problem has been largely dependent on the development of the sum-product phenomenon in finite fields. In particular, the work of Bourgain and Garaev [2] may be viewed as a significant step in this direction. We refer the interested reader to [9, 10, 12] for some of the currently best-known related results.
We mention that the sum-product type techniques and estimates that are known over F p are far superior and do not seem to readily extend to the more general setting of F q . Nevertheless, this paper seeks to address some of the important questions in the study of exponential sums in F q using sum-product results which are currently available in this setting. 
Main Results
We have the following improvement of (9).
There exists an absolute constant λ > 0 such that if
for all proper subfields G of F q and elements c ∈ F q , then
If, for all proper subfields G and elements c in F q , the set A satisfies
then estimate (14) holds with δ = 1/33.
As a consequence of Theorem 1, we obtain the following estimates on Gauss sums.
Theorem 2. Let n denote an integer such that n|(q − 1) and fix δ ≤ 1/33. There exists an absolute constant λ > 0 such that if n satisfies
for all ν with 1 ≤ ν < m, ν|m, then we have the estimates
and (18) max
Moreover, estimates (17) and (18) hold with δ = 1/33 if n satisfies
for all ν with 1 ≤ ν < m, ν|m.
Estimate (18) is stronger than (17) for n > q 1/2 . Let δ = 1/33. Then, for any fixed sufficiently small ǫ > 0, (18) is nontrivial for any n ≪ q 1/2+1/68−ǫ which satisfies either of the restrictions (16) or (19). In this range, (18) also improves on (10) . It is also worth noting that for n ≤ q 1/2 , estimate (17) improves on the classical Weil bound (4) in the range n ≫ q 1/2−1/134 .
for all ν with 1 ≤ ν < m, ν|m. Then, for all K ≤ t, we have the estimates
max
Our next result on trilinear exponential sums extends the arguments of [2, Theorem 1.2] to arbitrary finite fields.
Theorem 4. Let X, Y, Z ⊂ F q with |X| ≥ |Y | ≥ |Z| and suppose that for all proper subfields G of F q and elements c ∈ F q , we have
For any complex valued weights (α x ) x∈X , (β y ) y∈Y and (γ z ) z∈Z , with
we have n ≪ q 1/2+1/68−ǫ .
Preparations
We require a sum-product type estimate due to Roche-Newton [7] . The following version can be found in [6, Lemma 8] .
Lemma 8. Let A ⊆ F q and let 0 < η < 1/8. Suppose |A| ≪ q 1/2 and that
for all proper subfields G of F q , elements c ∈ F q and some constant C > 0. Then either
If
For sets A, B ⊂ F q , we define the multiplicative energy E × (A, B) as the multiplicative analogue of (7) and denote E × (A) = E × (A, A). It follows, from an application of the Cauchy-Schwarz inequality, that
Our next lemma, which appears in [6, Lemma 10] , is a basic extension of [8, Theorem 1.4].
Lemma 9. Let A ⊆ F q . Suppose that, for all elements c and proper subfields G in F q , we have |A ∩ cG| ≪ |G| 1/2 . Then we have the estimate
We recall two formulations of the Balog-Szemerédi-Gowers theorem. Lemma 10, below, is due to Bourgain and Garaev [2] .
where
The following variation is due to Schoen [11] .
Lemma 11. Let A ⊂ F q . Suppose that E + (A) = κ|A| 3 . Then there exists A ′ ⊆ A such that |A ′ | ≫ κ|A| and
We require the following estimate on bilinear exponential sums. See [3, Lemma 7] for a proof.
Lemma 12. For sets X, Y ⊆ F q , we have x∈X y∈Y α x β y ψ(xy) ≤ qNM , where (α x ) x∈X and (β y ) y∈Y are any complex valued weights satisfying
In the next lemma we recall two inequalities which are derived using Parseval's identity and different applications of Hölder's inequality. Also see [2, 5, 9] .
Lemma 13. For sets X, Y ⊂ F q , we have the inequalities
x∈X y∈Y ψ(xy)
We record a simple consequence of Lemma 13, which also appears in [5, Next, we state a standard dyadic pigeonholing argument.
Lemma 15. Let X ⊆ F q and let f be a function satisfying
Then there exists a subset X ′ ⊆ X and a number N ≥ 1 such that N < f (x) ≤ 2N for all x ∈ X ′ and
Consequently we have N|X ′ | ≥ K/(2 log 2 M).
Proof of Theorem 1
Let A ⊂ F q with |A| = q β . First, assume A satisfies restriction (13) for some λ > 0 to be specified. Suppose, for a contradiction, that E + (A) = |A| 3−δ * for some δ * < min{δ, (β −1 − 1)/33}. By Lemma 11, with κ = |A| −δ * , there exists a subset A ′ ⊆ A, with
1−δ * . Since |A/A| ≈ |A|, we also have
We choose λ to be sufficiently small so that, in view of (32), we have
It follows that for all elements c and proper subfields G in F q
Hence we may apply Lemma 8 to the set A ′ . If |A ′ | ≪ q 1/2 , the lower bound for δ * is determined by the equation
which gives δ * ≥ 1/33. If |A ′ | = q β * with β * > 1/2, we have
Thus, in either case, we have a contradiction on our choice of δ * . This concludes the proof of estimate (14) under restriction (13) . Next, under restriction (15), for all proper subfields G and elements c in F q , we have
so that Lemma 8 may be applied to the set A ′ . Hence, one may simply repeat the argument above, with δ = 1/33.
Proof of Theorem 2
We shall find useful the following observation.
Claim 16. Let H denote a multiplicative subgroup of F * q and let λ be the absolute constant given by Theorem 1. Fix δ ≤ 1/33 and suppose that for all proper subfields G of F q , we have
Then H also satisfies condition (13) . If H satisfies
then it also satisfies condition (15).
Proof. Given an arbitrary proper subfield G and an element c in F q , suppose that the intersection H ∩ cG contains some element d, or else the desired conditions are trivially satisfied. Then, noting that H = dH and cG = dG, we have H ∩ cG = d(H ∩ G). Hence if conditions (13) and (15) 
Similarly, if H satisfies condition (34), then the estimates (35) and (36) hold with δ = 1/33. Now, for n ≥ 1, we fix H to be the group of nth powers such that |H| = (q − 1)/n. By (6), it is straightforward to confirm that if n satisfies restrictions (16) or (19), then H satisfies restrictions (33) or (34) respectively. Finally, by (3), for any a ∈ F * q , it follows (37) |S n (a)| ≪ n|S(a, H)|, so that the estimates (17) and (18) follow from (35) and (36) respectively.
Proof of Theorem 3
For
and H = g , the subgroup of F * q generated by g. Clearly X ⊆ H, |X/X| ≈ |X| and |H| = t. Given a proper subfield G of F q , with |G| = p ν , note that |H ∩ G| = gcd(t, p ν − 1). By Claim 16, it follows that, if t satisfies condition (20), then X satisfies condition (15) . Hence, by Theorem 1, we have a bound on E + (X). Then, observing the identity a∈Fq x∈X
we get estimate (21).
To prove (22) and (23), we use a technique from [9, Corollary 19] . Let
and note that for any integer J, we have
for some arbitrary J ≤ K. This gives (22) by induction. The same argument can be repeated to prove (23) using (31).
Proof of Theorem 4
Let x∈X y∈Y z∈Z α x β y γ z ψ(xyz) = |X||Y ||Z|∆.
We proceed to establish an upper bound on ∆. An application of the triangle inequality gives x∈X y∈Y z∈Z
Then, by Lemma 15, there exists a subset A ⊂ X and a number δ 1 > 0 with
Now for some complex numbers θ x with absolute value 1 we have x∈A y∈Y z∈Z
By the Cauchy-Schwarz inequality we obtain
By another application of Lemma 15, there exists a set G ⊂ A × A and a number δ 2 > 0 with
such that for all pairs (a 1 , a 2 ) ∈ G we have
which in turn implies that
Using Lemma 10, it follows that there exists a subset A ′ ⊂ A, with
Then, recalling (28), we have
In particular, we used the trivial bound E × (Y ) ≤ |Y | 3 . By (40), for some complex numbers θ x with absolute value 1, we have
We setĨ (ξ) = 
Under restriction (24), we may apply Lemma 9 to the set A ′ to bound E × (A ′ ). Then, based on the first term of (29), we have
By (42) Putting it all together, we obtain the required bound on ∆, which in turn concludes the proof of estimate (26).
Proof of Corollary 5
Note that the second term of (26) Thus the second term of (26) can be eliminated, as required.
Proof of Theorem 6
Let H denote a multiplicative subgroup of F * q . Suppose that for all proper subfields G of F q , we have |H ∩ G| ≪ |G| We fix H to be the group of nth powers, such that if n satisfies restriction (19), then H satisfies restriction (34). The desired estimate on S n (a) follows form (37) and (48).
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